Given an algebraic scheme S. We suggest a definition for the conjugate of an algebraic scheme X over S, and X is said to be Galois closed over S if X has a unique conjugate over S. We will use these data to describe a Galois extension E/F of fields, where algebraic schemes X/Y are said to be a model of E/F if Gal (E/F ) is isomorphic to the group of rational automorphisms of X over Y. Let X be Galois closed over Y. The main theorem of this paper says that k (X) /k (Y ) is a Galois extension and X/Y is a model of k (X) /k (Y ) if X and Y are integral schemes. As there can exist many differential structures on a manifold, it is also a natural question for one to ask how many affine structures there exist on a ringed topological space to be made into a scheme; moreover, in order to prove the main theorem, we will be required to make some further studies on affine structures of a scheme. In particular, we will prove that a Galois closed scheme has a unique affine structure.
Introduction
Let us start with Weil's Foundations of Algebraic Geometry [8] . Given a (classical affine or projective) variety X defined over a finite extension of a field k. Then each k−automorphism σ ∈ Aut k k determines a unique variety X σ , called the conjugate of X over k. X and X σ are almost of the same algebraic properties; however, their topological properties are very different from each other in general. If k is a number field, Serre shows us an example [7] that X an and (X σ ) an can not be topologically equivalent spaces, where X an denotes the analytical space associated with X. That is to say, it may happen that π top 1 (X) ≇ π top 1 ((X σ )) for a variety X and σ ∈ Aut k k . By a theorem [5] of Grothendieck, the profinite completions of their topological fundamental groups are equal, that is, π alg 1 (X) ∼ = π alg 1 (X σ ) . It has been unknown why there exist such a phenomenon. For a special case, that phenomenon never takes place if there is only only conjugate for a variety.
In this paper we will develop the conjugates of a variety to a more general case, the conjugates of an algebraic scheme (Definition 1.1 ). Then an algebraic scheme is said to be Galois closed if it has a unique conjugate (Definition 1.2 ). For example, put k = Q, and there is the canonical morphism Spec (Q (ξ)) → Spec (Q) for an extension Q (ξ) . Let ξ ′ be a Q−conjugate of ξ, and the affine scheme Spec (Q (ξ ′ )) will called a conjugate of the scheme Spec (Q (ξ)) over the scheme Spec (Q). Moreover, Spec (Q (ξ)) is said to be Galois closed over Spec (Q) if Q (ξ) is a Galois extension of Q. These constitute the main part of §1, where we will fix the notations.
It is not easy to describe a (nonabelian) Galois extension of fields. We will try to use the data of arithmetic schemes to obtain the information of a given Galois extension of fields, where we may obtain a unified picture of Galois extensions of fields for various cases. That is, two irreducible algebraic schemes X/Y are said to be a model of a Galois extension E/F of fields if Gal (E/F ) is isomorphic to the group of rational automorphisms of X over Y (Definition 2.1 ). Then we will present the main theorem of the paper that X/Y is a model for k (X) /k (Y ) if X is Galois closed over Y (Theorem 2.2 ) in §2. It follows that there will be a question on how to construct a Galois closed scheme over a given algebraic scheme, which possibly hints that there may exist a type of generalization of the class field theory in the case of arithmetic schemes (Question 2.4 ). In deed, this is the preliminary part of our subsequent studies on nonabelian class field theory.
It is well-known that a ringed topological space is a scheme if it can be covered by a family of affine schemes. Fixed a scheme. Then we do not know whether there exists another family of affine schemes covering the underlying space and making it into a scheme; if we get a scheme in such a manner, there has been no theory that tells us whether the two schemes coincide with each other or not although they have the same underlying spaces. All these questions we call the affine structures on a scheme.
In order to prove the main theorem, we will be required to make some preparations and obtain some properties for the affine structures on a scheme (Definitions 3.6-7 ), especially for a Galois closed scheme in §3. As on a manifold there can be many distinct differential structures [6] , we hope to obtain the properties of a scheme which are exactly determined by its admissible affine structures (such as Question 3.29 ). From this point of view, the discussions presented in §3 can be regarded as some of the preliminary studies on the affine structures on schemes. It will be shown that any Galois closed scheme has a unique affine structure (Corollary 3.27 ). Together with these results, we will prove the main theorem in §4, last section.
By a k−variety we understand an algebraic k−scheme in the paper. We will use the terminology in Grothendieck's EGA.
Given a field k. By a k−variety X, i.e., an algebraic k−scheme, we understand a scheme of finite type over Spec (k). We have the following definition.
Let X and Y be schemes over a scheme S with structure morphisms f and g respectively. Then X and Y are said to be jointly of finite type over S if there is an affine open covering {W α } of S such that every f −1 (W a ) and g −1 (W α ) are finite unions of affine open sets U αi and V αj respectively;
It is clear that two schemes are jointly of finite type over a fixed scheme if and only if they are both of finite types over it respectively. From this view of point, the previous definition may be superfluous. Here we present it only to emphasize the phenomenon. Definition 1.1. Let K/k be an extension of fields, and S a k−variety. Assume X and Y are two schemes over S such that (i) X and Y are jointly of finite type over S;
We will denote by Conj K (X/S) the set of all the K−conjugates of X over S, and by Aut K (X/S) the set of K−automorphisms of X over S. In particular, if S = Spec (k) we will set Aut k (X) = Aut k (X/S) for brevity. Evidently, Aut K (X/S) is a group.
For the rational case, we will obtain the rational K− automorphisms of X over S, which constitute the group Aut K (X/S) . Definition 1.2. Given a k−variety S and an extension K/k of fields. Let X be a scheme over S.
(i) X is said to be Galois K− closed over S if X is the unique K−conjugate of X itself over S.
(ii) Assume that Z is a k−variety over S satisfies the conditions:
Then Z is said to be a Galois K− closure of X over S, which is denoted by X K (or simply by X).
Remark 1.3. Given a k−variety S and an extension K/k of fields.
(i) Let X be a Galois K−closed k−variety over S with structure morphism f : X → S. Then there may be another g : X → S with which X is still Galois K−closed over S.
(ii) Let X be a k−variety X over S. Then X is Galois K−closed over S if and only if X = X K .
There exists a nice relationship between Galois closed schemes and Galois extension of fields such as the following example. A more general result concerning that will be presented in next section (Theorem 2.2).
That is, let X be a Galois Q−closed scheme over a Q−variety S. Then X/S can be intuitively regarded as "Galois extension of fields" with "Galois group" Aut Q (X/S) . Conversely, given a Galois extension k/Q. Suppose that X is a Galois Q−closed scheme over a Q−variety S. Then X/S is is said to be a model for the group Gal (k/Q) if
is Galois Q−closed over SpecQ, and there is the isomorphism of groups
(iii) For a change of the base, there are the isomorphisms
Given a k−variety X, and set k 0 (X) = ∆, where ∆ runs through all the fields such that X is algebraic over ∆.
Proposition 1.5. Given an affine k−variety X, and put k 0 = k 0 (X). (i) X is a k 0 −variety if and only if k is a finitely generated extension of k 0 .
(ii) Let k/k 0 be a finite Galois extension, and X be Galois k−closed and k 0 −closed. Then there exists an isomorphism of groups
Proof. It is immediate from definition.
Then Y is a k−variety over S satisfying those properties. Remark 1.7. Assume X/S are k−varieties such that Conj k (X/S) is a finite set.
(i) Let X = Spec (A) be affine. Then there is a affine k−variety Y satisfying the properties in Lemma 1.6. In deed, a k−conjugate of X is defined exactly by a k−algebra A σ which is k−isomorphic to A; then choose Y to be the direct sum of all such k−algebras A σ .
(ii) Let dim X < ∞. Then dim X k = dim X. Proposition 1.8. Suppose X/S are k−varieties such that X is artinian and Conj k (X/S) is a finite set. Then X has a Galois k−closure X k over S.
Proof. Let Σ be the set of all the k−varieties Z over S such that Z is Galois K−closed over S; X is a closed subspace of Z. By Lemma 1.6 it is seen that Σ = ∅. Σ is a partially ordered set with inclusions of closed subspaces. If Y is minimal in Σ, Y is a Galois k−closure of X over S.
Let Y be not minimal in Σ. As X is artianian, Y is noetherian and then is a finite set; hence, there is a closed subspace Y 0 of Y which is minimal in Σ.
The Main Theorem
In this section we will present the main theorem of the paper (Theorem 2.2) which relates some theory of nonabelian class fields and shows that there exists a nice relationship between Galois closed schemes and Galois extension of fields.
Recall that E is a Galois extension of a field F if and only if E Gal(E/F ) = F, where E is not necessarily algebraic over F. 
It has been a long-term task for one to describe a (nonabelian) Galois extension of fields. We attempt to use the data of schemes X/Y to describe the extension
can not really be a subfield of k (X) . For example, let X = Speck (t 2 ) , Y = Speck (s 3 ) , and f is the homomorphism by
It is seen that a finite Galois extension E/F always has a k−model X/Y by setting X/Y = SpecE/SpecF.
Here is the main theorem of the paper.
We will make some preparations in §3 and then prove Theorem 2.2 in §4. (ii) As in Example 1.4 in §1, an algebraic Galois extension of fields can also be described in terms of such data. So, we may obtain a unified picture of Galois extensions of fields from algebraic ones to transcendental ones and from abelian ones to nonabelian ones. Question 2.4. (Nonabelian Class Fields). As we have shown, Galois Q−closed schemes over fixed schemes can resemble Galois extensions of fields. Then there exists a natural question for one to ask:
Given an arithmetic scheme S, how can we construct an arithmetic scheme X which is Galois Q−closed over S ?
For the special case of finite extensions of number fields, the answer is exactly the classical theory of class fields.
Affine Structures of a Scheme
It is well-known that a (locally ringed) topological space is a scheme if it can be covered by a family of affine schemes. However, for a fixed scheme, we do not know whether there exists another family of affine schemes covering the underlying space and making it into a scheme; moreover, if we obtain a scheme in such a manner, we do not know whether the two schemes coincide with each other or not. All these questions are concerning the so-called affine structures on a scheme, and we have got to make a further study on them if we want to know that mechanism.
The situation is very similar to what we have done in differential topology, where a topological space may have many differential structures on it [6] . In this section we will given some preliminary discussions which will be served to prove the main theorem in next section. At the end we will raise a question on affine structure.
Let Comm be the category of commutative rings, and Comm/k the category of finitely generated algebras over a field k. Definition 3.1. A pseudogroup of affine transformations, denoted by Γ, is a set of isomorphisms of commutative rings satisfying the conditions:
Moreover, such a pseudogroup Γ is said to be a pseudogroup of k−affine transformation if Γ is contained in the category Comm/k, that is, if each isomorphism in Γ is an isomorphism of finitely generated algebras over a field k.
Let ∆ be a set such that the above (iv) holds if and only if dom (σ) f ∈ ∆. Then Γ is called a relative pseudogroup of affine transformations in ∆.
Obviously, Comm/k is a subcategory of Comm; a pseudogroup of affine (or k−affine) transformations Γ is a subcategory of Comm (or Comm/k, respectively) together with the domain and range of each σ ∈ Γ. Definition 3.2. Let X be a topological space, and Γ a pseudogroup of affine transformations. Then an affine Γ−atlas A (X, Γ) of X is a collection of pairs (U j , ϕ j ) , called affine charts, satisfying the conditions:
An affine Γ−atlas A (X, Γ) of X is said to be complete (or maximal) if it is not contained properly in any other affine Γ−atlas of X.
The open covering {U j } j is a base for the topology on X. So, such a construction makes sense.
(ii) Let A (X, Γ) and A (X, Γ ′ ) be atlases of a space X.
Definition 3.4. Let X be a topological space, and Γ a pseudogroup of affine transformations. Then two affine Γ−atlases A and A ′ of X are said to be Γ−compatible if the following condition is satisfied:
Proposition 3.5. Let X be a topological space, and Γ a pseudogroup of affine transformations. Then for any given affine Γ−atlas A of X, there is a unique complete affine Γ−atlas A m of X such that (i) A ⊆ A m ; (ii) A and A m are Γ−compatible. We will say that A m is the complete affine Γ−atlas determined by A, and A is a base for A m .
Proof. Prove the existence. Let Σ be the collection of affine Γ−atlases A α of X such that (i) A ⊆ A α ; (ii) A and A α are Γ−compatible. Then Σ is a partially ordered set by the inclusions of sets A α ⊆ A β for any A α , A β ∈ Σ; every totally ordered subset of Σ has a upper bound in Σ; by Zorn's Lemma, Σ has maximal elements.
Prove the uniqueness. Let A m and A ′ m be two maximal elements of Σ. Then we must have
m are Γ−compatible since they are Γ−compatible with A respectively; then the union A m ∪ A ′ m is contained in Σ, where we will obtain a contradiction.
Definition 3.6. Let X be a topological space. Then an affine Γ−structure on X is a complete affine Γ−atlas A (Γ) of X for some pseudogroup Γ of affine transformations.
Similarly, we can define a k−affine Γ−structure if Γ ⊆ Comm/k. By Proposition 3.5 it is seen that every affine atlas on a topological space X determines a unique affine structure on it. From this view of point, we sometimes identify an affine atlas on X with its complete affine structure on X. (ii) Every affine structure has at most one extension.
Take any open subset U of X.
.
It is easily seen that
(ii) ⇐= . Take any affine structure A on the space X. Let O X be a sheaf defined by A on X. Then (X, O X ) is a scheme which is an extension of A.
=⇒ . Let A be an admittable affine structure on X. That is, there is a scheme (X, O X ) as an extension of A. By (i) it is seen that A can be extended to be the sheaf O X . Remark 3.10. In general, for a scheme (X, O X ) there can be many admittable affine structures on the space X. (See Examples 3.11-12.) Example 3.11. Let k be a field. Put
Then Γ 1 and Γ 2 are both pseudogroups of affine transformations.
Then Speck is an extension of the affine structure A (Γ 1 ) . In general, it is not true that Speck is an extension of A (Γ 2 ) . Take an example. Let 3 √ 2, ξ, ξ be the roots of the equation
It is easily seen that such maximal pseudogroup exists in (X, O X ) . In fact, put Σ = {Γ ′ : Γ ′ ⊇ Γ satisfies (v) of Definition 3.1}. By inclusions of sets, Σ is a partially ordered set. Taking the union, we see that every totally ordered subset has an upper bound in Σ; by Zorn's Lemma, there is a maximal element Γ ′′ in Σ. So, we obtain a maximal pseudogroup Γ ′′ in (X, O X ) .
(iii) Let Γ be a maximal relative pseudogroup of affine transformations in (X, O X ) . Then Γ is called a canonical pseudogroup of affine transformations in the scheme (X, O X ) . We will denote it by Γ * (X, O X ) or Γ (X, O X ) . 
Hypothesize A ∈ Γ. Then we have two cases:
This proves A must be contained in Γ. It follows that (U, ϕ) ∈ A * (Γ) .
Remark 3.14. Let Γ be a maximal relative pseudogroup of affine transformations in (X, O X ) .
(i) A * (Γ) is a maximal affine structure relatively in (X, O X ) .
(ii) From A * (Γ) we construct a maximal affine structure on the space X. By adding to A * (Γ) the affine charts of the form . Then A * (Γ) is called a canonical affine structure in the scheme (X, O X ) . We will denote it by A * (X, O X ) or A (X, O X ) .
(ii) A scheme (X, O X ) is said to be of a unique canonical affine structure if there exists only one maximal relative pseudogroup of affine transformations in (X, O X ) . Proposition 3.16.Let (X, O X ) be a scheme and A * (X, O X ) a canonical affine structure in (X, O X ). Then A * (X, O X ) is admittable on the space X, and moreover, there is an isomorphism
Proof. Let A * (X, O X ) be a canonical affine structure on X. Take any (U α , ϕ α ) ∈ A * (X, O X ) . There is the isomorphism
Then we obtain a scheme (X, O ′ X ) which is an extension of A * (X, O X ) .
Remark 3.18. By Proposition 3.16 it is seen that every associate scheme of a scheme are isomorphic with each other.
(ii) Let (X, O X ) be separated. Take any canonical pseudogroups Γ 1 and Γ 2 of affine transformations in (X, O X ) . Then we must have Γ 1 = Γ 2 . In deed, let any (U α , ϕ α ) ∈ A * (Γ 1 ) and (V β , ψ β ) ∈ A * (Γ 2 ) such that U α ∩ V β = ∅; it follows that U α and V β are affine open sets in (X, O X ) ; as (X, O X ) is a separated scheme, it is seen that U α ∩ V β is affine open in (X, O X ) ; then Γ 1 = Γ 2 . So, (X, O X ) has a unique canonical affine structure. By (i) it is seen that (X, O X ) has a unique associate scheme. Convention 3.20. We say that a scheme (X, O X ) has a property P for an admittable affine structures A on X if and only if the scheme X, O A(Γ) has the property P, where X, O A(Γ) is the extension of the admittable affine structure A on X.
Remark 3.21. It is clear that there is a scheme (X, O X ) and an admittable affine structure A on the space X such that there is some property P that (X, O X ) holds but (X, O A ) never holds, where (X, O A ) is the extension of A.
However, some one often says that a scheme (X, O X ) has a property P, but there is no indication that he or she prefers some fixed admittable affine structures or all the ones for which the property P holds. And even a scheme can have many associate schemes. This situation is very similar to that differential topology. As usual, a differential manifold is said to have some property if the property holds for all the differential structures until such a structure is especially indicated. And now we know that there is some property on some manifold which does not hold for any other differential structures.
Example 3.22. Let K/k be a Galois extension. Then SpecK is Galois k−closed over Speck for all admittable k−affine structures on SpecK. For example, let K = Q √ 2 and k = Q. Proof. It is seen that every k−affine structure on SpecK is admittable. As K is a Galois extension of k, every k−affine structure on SpecK is contained in K; it follows that SpecK is the unique k−conjugate over Speck for each admittable affine structures on SpecK. Now we fix some notations. Let X be a topological space. We denote by A (X) the set of all admittable affine structures on X. In particular, for a scheme (X, O X ) , we sometimes set
A 0 (X, O X ) = {A is a canonical affine structure in (X, O X )}.
Let X and Y be topological spaces. We say
if there is an (V α , ψ α ) contained in an affine structure A (Y ) belonging to A (Y ) such that B α = A α for every affine chart (U α , ϕ α ) contained in an affine structure A (X) belonging to A (X) , where
We say
if there is an (V α , ψ α ) contained in an affine structure A (Y ) belonging to A (Y ) such that there is an isomorphism δ α : A α ∼ = B α for every affine chart (U α , ϕ α ) contained in an affine structure A (X) belonging to A (X) , where
Such an isomorphism δ α : A α ∼ = B α is called a deck transformation from X into Y. We will denote by ∆ (X; Y ) the set of all deck transformations from
We 
. Take any affine chart (U α , ϕ α ) contained in an affine structure A (X) belonging to A (X) , where ϕ a (U α ) = SpecA α and A α ∈ Comm. Then (τ (U) , ϕ α • τ −1 ) is an affine chart contained in an affine structure A (τ (X)) = A (Y ) belonging to A (Y ) . This proves
The converse is true. Hence,
We prove that there is a homeomorphism τ of the space X onto the space Y. In fact, there is a surjection τ of the set X onto the set Y ; if there is no surjection, there will be an affine structure contained in the set A (Y )\A (X) . And τ must be injective. In deed, if τ is not injective, there will be an affine structure contained in the set A (X) \ A (Y ) .
Similarly, it is seen that τ and τ −1 are both continuous. So, τ is a homeomorphism of X onto Y.
We prove that there is an isomorphism of (X, O X ) onto (Y, O Y ) induced by τ. In deed, let A (X) and A (Y ) be the canonical affine structures on X and Y, respectively; via the homeomorphism τ, every chart contained in A (X) is also contained in A (Y ) ; the converse is true.
As
for every affine open set U α of (X, O X ) . Hence,
for every open set U of (X, O X ) . Proof. Evidently, A X, OX = A X, O ′X ; as A 0 X, OX ∼ = A 0 X, O ′X , it is seen that X, OX ∼ = X, O ′X from Theorem 3.23; by Remark 3.18 it follows that (X, O X ) ∼ = X, OX and (X, ( (i) τ * O X = O X holds for any automorphism τ ∈ Aut k (X) .
(ii) − (iii) It is evident by definition.
Remark 3.28. Let (X, O X ) be a Galois k−closed k−variety. In general, it is not true that there is a bijection of Hom (X) onto Aut k (X) , where Hom (X) is the set of all the homeomorphisms of the space X. (i) What space can be enabled an admittable affine structure on it ? (ii) Let (X, O X ) be a scheme. Can the space X be enabled an affine structures A such that (X, O X ) ≇ (X, O A ) ? Or is A (X) / ∼ a set with a single element ?
Proof of the Main Theorem
The main task in this section is to prove Theorem 2.2 (Main Theorem) in §2. We shall first demonstrate Theorem 4.5. (ii) Let D and D ′ be integral domains with (ii) It is clear that K is a Galois extension of a field k if K is complete and separably generated over k. The converse is true (See Corollary 4.19) .
Proof. Take any
There are many complete extensions. For example, the algebraic closure of a field k is k−complete; a regular extension of a field k is k−complete, especially, a purely extension of a field k is k−complete.
Example 4.4. Take a varible t over Q. Put Q t 1/2 ∞ = Q t, t 1/2 , t 1/4 , · · · , t 1/2 n , · · · and Z t 1/2 ∞ = Z t, t 1/2 , t 1/4 , · · · , t 1/2 n , · · · .
Then Q t 1/2 ∞ is Q t 1/2 n −completed, and Z t 1/2 ∞ is Z t 1/2 n −completed for any n = 0, 1, 2, · · · . Obviously, Q t 1/2 ∞ Q (t).
Theorem 4.5. Let X and Y be two integral k−varieties. Then k (X) is canonically a complete and separably generated extension over k (Y ) if X is Galois k−closed over Y by a surjective morphism f for a canonical k−affine structure in X.
To prove Theorem 4.5, we need the following statements. Lemma 4.6. Let X be an integral scheme, and x, y ∈ X such that x → y in X. Then there is a canonical ring monomorphism
Proof. Take any x → y in X. By Corollary 4.5, there is an affine open subset U of X containing x and y. Let U = Spec (A) ; as x → y in X, we have x → y in U; then we have j x ⊆ j y in the ring A. Let S = A j y and T = A j x . As S ⊆ T , there is a canonical homomorphism Lemma 4.7. Any surjective morphism σ of an irreducible scheme X has a fixed point ξ ∈ X, that is, σ (ξ) = ξ. In particular, any automorphism of an irreducible scheme has a fixed point.
Proof. Take the generic point ξ of X. Then ξ → x holds for any x ∈ X; by Proposition 1.3 [9] there is σ (ξ) → σ (x) in Y ; as σ is surjective, it is seen that σ (ξ) → y holds for any y ∈ Y, especially, we have σ (ξ) → ξ in Y. Hence, σ (ξ) = ξ.
In general there is the following statement. Proof. Given any endomorphism σ of an irreducible scheme X, where dim X < ∞. By Lemma 2.1 [9] it is seen that l (X) = dim X. Take any x ∈ X, and let ξ be the generic point of X. There is ξ → x in X, and then σ (ξ) → σ (x) by Theorem 3.10. In particular, we choose x = ξ, and we get the specializations in X ξ → σ (ξ) → σ 2 (ξ) → · · · → σ n (ξ) → · · · .
Then we must have σ n (ξ) = σ n+1 (ξ) for some n ∈ N since l (X) < ∞. This proves σ (σ n (ξ)) = σ n (ξ) . (ii) In the above, the fixed point is constructed by the generic point. Conversely, the closed point can also afford us a fixed point. Let A be a local ring. Then the unique closed point of SpecA is a fixed point of any endomorphism of SpecA by Proposition 1.3 [9] . Definition 4.10. Let E, F be two finitely generated extensions of a field k. (i) The quantities w 1 , w 2 , · · · , w n are said to be a nice k−basis of E if they generate E over k such that w 1 , w 2 , · · · , w r constitute a transcendental basis of E over k and that w r+1 , w r+2 , · · · , w n are linearly independent over k(w 1 , w 2 , · · · , w r ), where 0 ≤ r ≤ n.
(ii) F is said to be a k−conjugation of E (or a conjugation of E over k) if F is contained in the algebraic closure k(w 1 , w 2 , · · · , w r ) and is isomorphic with E over k(w 1 , w 2 , · · · , w r ) for a nice k−basis w 1 , w 2 , · · · , w n of E, where w 1 , w 2 , · · · , w r are a transcendental basis of E over k. (ii) Let v 1 , v 2 , · · · , v m and w 1 , w 2 , · · · , w n be nice k−bases of E. In general, it is not true that m = n. (iii) Let E be a finitely generated extension of a field k. Then all possible k−conjugations of E are k−isomorphic with each other although they may be via distinct nice k−bases of E. Lemma 4.12. Let K be an extension of field k. Put x ∈ K. The following statements are equivalent.
(i) k (x) is complete and separably generated over k.
Proof. Let k (x) be complete and separably generated. If x is a varible over
Evidently, the converse is true. Let X be an integral scheme, and ξ be the generic point of X. Take any x ∈ X. Then ξ → x in X, and from Lemma 4.8 we have the canonical embeddings
for every open set U of X containing x. Thus, the following definitions are welldefined.
Definition 4.13. Let X and Y be integral k−varieties, and ϕ : X → Y a morphism of finite type.
(i) Take any open sets V of Y and U 1 , U 2 ⊆ ϕ −1 (V ) of X. Assume that F r(O X (U 1 )) is both finitely generated and a conjugation of F r(O X (U 2 )) over F r(O Y (V )). Then U 1 is said to be a V − conjugation of U 2 , and the conjugation F r(O X (U 1 )) is said to be affinely realized in X by U 1 .
(ii) Take any open sets V of Y and U ⊆ ϕ −1 (V ) of X. Then U is said to have a complete set of V −conjugations in X if all F r(O Y (V ))−conjugations in k(X) of F r(O X (U)) can be affinely realized in X. If k (X) is replaced by k (X), such a complete set is said to be absolutely complete.
. Then x ′ ∈ ϕ −1 (x) is said to be a y−conjugation of x, and the conjugation F r (O X,x ′ ) is said to be affinely realized in X by x ′ .
(iv) Let x ∈ ϕ −1 (y) and y = ϕ (x) . Suppose that all F r (O Y,y ) −conjugations in k(X) of F r (O X,x ) can be affinely realized in X. Then x is said to have a complete set of y−conjugations in X; moreover, if k (X) is replaced by k (X), such a complete set is said to be absolutely complete, and ϕ is said to have an absolutely complete fiber at y. 
H can not be affinely realized in X. We denote the above nice basis by w 1 , w 2 , · · · , w n . Let σ be the ∆−isomorphism of F r(O X (U)) onto H, where we set , and by σ there is an isomorphism δ of (W, O W ) onto (U, O U ); thus we get an integral scheme Z = (U, δ * O U ). Gluing the schemes (X, O X ) and Z along U, we get a scheme X ′ = (X, O ′ X ). By the above hypothesis it is easily seen that X = X ′ since the atlas (U, σ −1 ) can be contained in none of the admittable affine structures on X. Evidently, X ′ is a k−conjugate of X over Y ; as X is Galois k−closed over Y, X is the unique k−conjugate of X over Y ; hence, we will obtain a contradiction. This proves that we have an affine open set U ⊆ ϕ −1 (V ) of X which has a complete set of V −conjugations in X.
Replacing k (X) by k (X), we can see that such a complete set is absolutely complete.
(ii) Let x ∈ X and y = ϕ (x) ∈ Y. Hypothesize that x does not have a complete set of y−conjugations in X, that is, there is a F r (O Y , y) −conjugation H in k (X) of F r (O X,x ) which can not be affinely realized in X, and σ : F r (O X,x ) → H denotes the isomorphism over F r (O Y , y) .
By the hypothesis there are affine open sets
where y ∈ V and x ∈ U ⊆ ϕ −1 (V ) . It follows that U does not have a complete set of V −conjugations in X; from (i) U has such a complete set, and hence we will obtain a contradiction. So, x has a complete set of y−conjugations in X.
Similarly, we can prove such a complete set is also absolutely complete in X. Proof. It is immediate from Proposition 4.14.
Proposition 4.17. Let X and Y be integral k−varieties such that X is Galois k−closed over Y by a surjective morphism ϕ for some admittable k−affine structure A on X such that 
. In particular, we can choose each V i to be affine. As
Take any affine open set
. Hence, we get the affine open sets U = W 2 and V = V i .
By Proposition 4.14, U has an absolutely complete set of V −conjugations in X, and it follows that H can be affinely realized in X by an affine open set U ′ . Then u 0 ∈ H = F r (O X (U ′ )) , and hence u 0 ∈ k (X) , where we will obtain a contradiction.
Therefore
Consider v s+1 . Assume that v s+1 is not a conjugate of x over F, that is, there is no irreducible polynomial h (X) ∈ F [X] such that deg h (X) ≥ 1 and h (v s+1 ) = h (x) = 0. Then v s+1 is not a conjugate of z over F. Hence, we get an isomorphism
Assume that v s+1 is a conjugate of x over F. Then x and v s+1 are linear independent over F. Without loss of generality, let x and z be linearly independent or F ; otherwise, if x = az or z = ax for some a ∈ F, we get F (x) = F (z) , and hence the conclusion is true.
If z and v s+1 are linear independent over F, we define an isomorphism σ s+1 of
If z and v s+1 are linear dependent over F, we define an isomorphism σ s+1 of
This proves for v s+1 , we always get an isomorphism of F (x, v 1 , v 2 , · · · , v s+1 ) onto F s+1 such that z ∈ F s+1 ⊆ K.
Similarly, for all v s+1 , · · · , v m , we obtain an isomorphism of F (x, v 1 , v 2 , · · · , v m ) onto F m such that z ∈ F m ⊆ K. Obviously, K = F (x, v 1 , v 2 , · · · , v m ) .
By the above procedure, it is seen that F m is a conjugate of K over F ; hence, F m is a conjugation of K over k. From the assumption (iii) , we have F m ⊆ K. Therefore, z ∈ K. Corollary 4.19. Let K be an extension of field k. Then K/k is a Galois extension if and only if K is complete and separably generated over k.
Proof. =⇒ . It is immediate from Proposition 4.18. ⇐= . It is seen that every k−isomorphism σ of K into a subfield of K is contained in Gal (K/k) . This proves K Gal(K/k) = k.
Proof of Theorem 4.5. Let X be Galois k−closed over Y by a surjective morphism f for a canonical k−affine structure in X. By Propositions 4.14 and 18-19, it is seen that k (X) is canonically a complete and separably generated extension over k (Y ) .
Finally we can prove the main theorem of the paper.
Proof of Theorem 2.2. Let X ′ be an associate scheme of scheme X. From Corollary 3.27 it is seen that X ′ is Galois k−closed over Y if and only if X is Galois k−closed over Y . Then k (X ′ ) = k (X) . By Theorem 4.5 it is seen that k (X) /k (Y ) is a Galois extension. Now let X be an associate scheme without loss of generality. We will proceed in the following steps.
Step 1. Define a mapping of sets
is the isomorphism in the direct limit defined in the evident manner, and σ #−1 is the inverse of σ # : O X,ξ = k (X) → σ * O X,ξ = k (X) .
It is seen that t is a well-defined. In deed, given any
is the isomorphism. Then σ, σ #−1 : (U, f ) ∈ k (X) −→ σ (U) , σ #−1 (f ) ∈ k (X)
is an isomorphism of k (X) , and hence, σ, σ #−1 ∈ Gal (k (X) /k (Y )) .
Given any σ = σ, σ # , δ = δ, δ # ∈ Aut k (X/Y ) . is a homomorphism of groups. Manifestly, t (σ) | k(Y ) = id k(Y ) holds. Let π : Aut k (X/Y ) → Aut k (X/Y ) be the canonical homomorphism of groups. Obviously, ker (t) ⊇ ker (π) ; by the universal property for π, t induces a unique homomorphism of groups t : Aut k (X/Y ) → Gal (k (X) /k (Y )) such that t = t • π.
Step 2. Prove t is surjective. Take any ρ ∈ Gal (k (X) /k (Y )) , that is, As X is Galois k−closed, there is an affine open set V of X such that (V, ψ) is an affine chart of X; ψ (V ) = SpecB. That is,
Obviously, ρ induces an isomorphism from SpecA onto SpecB; it follows that there is an isomorphism
As all such affine charts (U, ϕ) and (V, ψ) constitute the admittable affine structure, they are compatible; and then we obtain an isomorphism t ∈ Aut k (X) . It is easily seen that t ∈ Aut k (X/Y ) since ρ is a field isomorphism of k (X) over k (Y ) . This proves t is a surjection.
Step 3. Prove t is injective. Assume σ, σ ′ ∈ Aut k (X/Y ) such that t (σ) = t (σ ′ ) . That is, σ (U) , σ #−1 (f ) = σ ′ (U) , σ ′#−1 (f ) holds for any (U, f ) ∈ k (X) . Then
where U 0 is an affine open subset of X such that
We must have σ = σ ′ since all such U 0 are an open covering of X. This proves t is an injection.
Hence, we obtain a group isomorphism Aut k (X/Y ) ∼ = Gal (k (X) /k (Y )) .
